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Stability and Control of a Structurally
Nonlinear Aeroelastic System

Jeonghwan Ko¤ and Thomas W. Strganac†

Texas A&M University, College Station, Texas 77843-3141
and

Andrew J. Kurdila‡

University of Florida, Gainesville, Florida 32611-6250

The authors examine the stability properties of a class of nonlinear controls derived via feedback linearization
techniques for a structurally nonlinear prototypical two-dimensional wing section. In the case in which the wing
section has a single trailing-edge control surface, the stability of partial feedback linearization to achieve plunge
primary control is studied. It is shown for this case that the zero dynamics associated with the closed-loop system
response are locally asymptotically stable for a range of � ow speeds and elastic axis locations. However, there exist
locations of the elastic axis and speeds of the subsonic/incompressible � ow for which this simple feedback strategy
exhibits a wide range of bifurcation phenomena. Both Hopf and pitchfork bifurcations evolve parametrically in
terms of the � ow speed and elastic axis location. In the case in which the wing section has two control surfaces, the
global stability of adaptive control techniques derived from full feedback linearization is studied. In comparison
with partial or full feedback linearization techniques, the adaptive control strategies presented do not require
explicit knowledge of the form of the structural nonlinearity.

Nomenclature
a = nondimensionalizeddistance from the midchord

to the elastic axis
b = semichord of the wing
ch = structural damping coef� cient in plunge due to

viscous damping
cl® ; cm® = lift and moment coef� cients per angle of attack
cl¯ ; cm¯

= lift and moment coef� cients per control surface
de� ection

c® = structural damping coef� cient in pitch due to
viscous damping

h = plunge displacement
I® = mass moment of inertia of the wing about

the elastic axis
kh = structural spring constant in plunge
k® = structural spring constant in pitch
L = aerodynamic lift
M = aerodynamic moment
m = mass
U = freestream velocity
x® = nondimensionalizeddistance measured from the

elastic axis to the center of mass
® = pitch angle
¯; ¯1; ¯2 = � ap de� ection
½ = density of air

I. Introduction

A LTHOUGH the underlying physics of aeroelastic phenomena
have been studied for decades, some researchers in the past

few years have placed particular emphasis on the role of nonlinear-
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ity in aeroelastic instabilities. For the most part, these studies have
focused on the qualitative nonlinear behavior of open-loop (or un-
controlled) aeroelastic systems. Notable examples of research that
are representativeof this class include the work of Tang and Dowell1

and Conner et al.,2 who examine freeplay nonlinearities in proto-
typical sections, and the study of nonlinear panel � utter models by
Dowell.3 Some researchdoes examineadaptivecontrolof nonlinear
� utter models, as in Refs. 4 and 5. Still, it is clear that there currently
is a lack of knowledge of stability analyses for the closed-loop dy-
namics of nonlinear aeroelastic systems. This paper continues the
discussion of the approach described in Ref. 6, wherein partial and
full feedback linearizationof a simple class of nonlinear aeroelastic
systems is studied. In contrast to Ref. 6, where the focus was to
employ Lie algebraic methods to derive feedback controllers, this
paper studies the parametric stability and bifurcation structure of
the resulting closed-loop dynamical systems. One primary conclu-
sion of this paper is that plunge primary control, derived via partial
feedback linearizationtechniques, exhibits a wide range of bifurca-
tion phenomenafor different� ow regimesand elasticaxis locations.
A second conclusion of the paper is that adaptive control methods
based on full feedback linearization techniques exhibit global sta-
bility.

II. Equations of Motion
Following the strategy employed in Ref. 6, we seek to em-

ploy the most simple representation of the aeroelastic system as
possible, while retaining suf� cient terms to account for the well-
documentednonlinear responseobserved in low-speedwind-tunnel
experiments.7 Hence, the governing equations of motion for the
aeroelastic system under consideration (see Fig. 1) are taken as

m mx®b

mx®b I®

Rh
R®

C
ch 0

0 c®

Ph
P®

C
kh 0

0 k®.®/

h

®
D

¡L

M
(1)

The location of the elastic axis may be varied in the experimental
structure we are modeling. The term k®.®/ is the nonlinear spring
stiffness associated with the pitching motion. In this paper, as a
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Fig. 1 Aeroelastic model.

Fig. 2 Wing section with two control surfaces.

special class of nonlinear stiffness, we assume that the spring force
k®.®/ is represented by the following polynomial expression:

k® .®/ D k®0 C k®1 ® C k®2 ®2 C k®3 ®3 C k®4 ®
4 C ¢ ¢ ¢ (2)

where the coef� cients k®i are obtained from measured experimental
pitch angle vs moment data. One may question the validity of the
precedingpolynomial representationof nonlinear stiffness because
of the presence of odd-order terms. It is noted that these terms have
been added to emphasize that the spring coef� cients are obtained
from � tting the measured data; i.e., the best � t to the experimen-
tal data may actually be nonsymmetric. In the case in which we
have a single trailing-edge actuation surface, we assume that the
quasisteady aerodynamic force L and moment M are modeled8 as

L D ½U 2bcl® ® C . Ph=U / C 1
2

¡ a b. P®=U / C ½U 2bcl¯ ¯

(3)
M D ½U 2b2cm® ® C . Ph=U / C 1

2
¡ a b. P®=U / C ½U 2b2cm¯

¯

Although the quasisteady aerodynamic model adopted in this pa-
per is relatively simple, we emphasize that the main objective of
the theoretical development in this paper is to analyze the closed-
loop system characteristics via feedback linearization continuing
our analysis in Ref. 6. Furthermore, the reduced frequency associ-
ated with the experiments that complement this effort validates our
use of the quasisteady model.

We will also study prototypical wing sections with two control
surfaces in this paper. We consider the case in which both control
surfacesare locatedon the trailingedgeas depictedin Fig. 2. For this
case, we assume that the ratio of control surface separation to span
is large and limit considerationsto small angle of attack and control
surface de� ections.For two control surfaces along the trailing edge,
the aerodynamic loads are represented as follows:

L D ½U 2bcl® ® C .Ph=U / C 1
2

¡ a b. P®=U /

C ½U 2bcl¯1
¯1 C ½U 2bcl¯2

¯2 (4)

M D ½U 2b2cm®
® C .Ph=U / C 1

2
¡ a b. P®=U /

C ½U 2b2cm¯1
¯1 C ½U 2b2cm¯2

¯2 (5)

With substitution of the aerodynamic loads into the equations of
motion, we obtain

m mx®b

mx®b I®

Rh
R®

C
ch C ½Ubcl® ½Ub2cl®

1
2

¡ a

½Ub2cm®
c® ¡ ½Ub3cm®

1
2

¡ a

Ph
P®

C
kh ½U 2bcl®

0 ¡½U 2b2cm®
C k®.®/

h

®

D
¡½bcl¯1

¡½bcl¯2

½b2cm¯1
½b2cm¯2

¯1

¯2
U 2 (6)

It is important to note that the sole source of nonlinearity in these
equations arises from the polynomial nonlinearity k®.®/. In addi-
tion, Eqs. (6) are nearly identical in form to the equationsof motion
for a wing section with leading-edgeand trailing-edgecontrol sur-
faces (see Ref. 9). Thus, the stability analysis that follows applies
to the leading-/trailing-edgecon� guration with little modi� cation.

III. Stability Analysis of Plunge Primary Control
Among the numerous methodologies for the control of nonlinear

systems,10 it has been shown in Ref. 6 that partial feedback lin-
earization techniques10;11 may be employed for the case of a single
trailing-edge control surface. If the nonlinear partial feedback lin-
earization is constructed so as to explicitly control the pitch degree
of freedom, the zero dynamics of the closed-loopsystem are linear
as shown in Ref. 6. In this case, a fairly complete understandingof
the stability regions for the controller as a function of elastic axis
location a and � ow speed U may be derived. On the other hand,
if a nonlinear partial feedback linearization technique is employed
to explicitly control the plunge degree of freedom, the question of
closed-loop stability is considerablymore dif� cult.

For the subsequentderivation, it is necessary to express the equa-
tions of motion [Eqs. (1–3)] in a state-space form

Px D f¹.x/ C g¹.x/¯ (7)

where the state variables are de� ned as

x ´

x1

x2

x3

x4

h

®

Ph
P®

(8)

and

f¹ D

x3

x4

¡k1x1 ¡ k2U 2 C p.x2/ x2 ¡ c1x3 ¡ c2x4

¡k3x1 ¡ k4U 2 C q.x2/ x2 ¡ c3x3 ¡ c4x4

(9)

g¹ D

0

0

g3

g4

U 2

For the sake of brevity, a set of new variables is introduced and
tabulated in Table 1.

The plunge primary control derived in Ref. 6 is achieved by in-
troducing the change of variables U ´ T .x/

U ´

Á1

Á2

Á3

Á4

x1

x3

x2

g3x4 ¡ g4x3

(10)
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Table 1 System variables

d D m I® ¡ mx2
®b2

k1 D I® kh=d

k2 D I® ½bcl® C mx®b3½cm® d

k3 D ¡mx®bkh=d

k4 D ¡mx®b2½cl® ¡ m½b2cm® d

p.x2/ D .¡mx®b=d/k®.x2/

q.x2/ D .m=d/k® .x2/

c1 D I® ch C ½Ubcl® C mx®½Ub3cm® d

c2 D I®½Ub2cl®
1
2 ¡ a ¡ mx®bc® C mx®½Ub4cm®

1
2 ¡ a d

c3 D ¡mx® bch ¡ mx®½Ub2cl® ¡ m½Ub2cm® d

c4 D mc® ¡ mx®½Ub3cl®
1
2 ¡ a ¡ m½Ub3cm®

1
2 ¡ a d

g3 D ¡I®½bcl¯ ¡ mx®b3½cm¯
d

g4 D mx®b2½cl¯ C m½b2cm¯
d

which is linear. We should emphasize that the preceding transfor-
mation is based on the objective to control the plunge motion and
is obtained through a standard procedure for partial feedback lin-
earizationas shown in Ref. 6. The transformedgoverningequations
of motion for the case of a single trailing-edge actuator may be
written as

PÁ1

PÁ2

PÁ3

PÁ4

D

Á1

¡k1Á1 ¡ [c1 C c2.g4=g3/]Á2 ¡ QU .Á3/Á3 ¡ .c2=g3/Á4

.g4=g3/Á2 C .1=g3/Á4

.g4k1 ¡ g3k3/Á1 C c1g4 C c2 g2
4 g3 ¡ c3g3 ¡ c4g4 Á2

C[g4 QU .Á3/ ¡ g3 PU .Á3/]Á3 C [c2.g4=g3/ ¡ c4]Á4

C

0

g3

0

0

U 2¯ (11)

where

PU .Á3/ D k4U
2 C q.Á3/; QU .Á3/ D k2U

2 C p.Á3/ (12)

These equations may be written succinctly as

PU D F¹.U / C G¹.U /¯ (13)

where the subscript¹ representsa vectorof parameters¹ D .a; U /.
In other words, the open-loop (and closed-loop) dynamics depend
parametrically on elastic axis location a and � ow velocityU . From
elementary considerations in Lie algebraic control methods (see
Ref. 11), we select the nonlinear partially linearizing feedback con-
trol to be

¯ D
k1Á1 C [c1 C c2.g4=g3/]Á2 C QU .Á3/Á3 C .c2=g3/Á4 C v

U 2g3

(14)

where v is a new, yet to be determined, control input. The resulting
closed-loop equations are then

PÁ1 D Á2; PÁ2 D v; PÁ3 D A32Á2 C A34Á4

(15)
PÁ4 D A41Á1 C A42Á2 C [g4 QU .Á3/ ¡ g3 PU .Á3/]Á3 C A44Á4

where

A32 D g4=g3; A34 D 1=g3; A41 D g4k1 ¡ g3k3

A42 D c1g4 C c2 g2
4 g3 ¡ c3g3 ¡ c4g4

A44 D c2.g4=g3/ ¡ c4

Table 2 System parameters

Parameter Value

b, m 0.135
m, kg 12.3870
I® , kg ¢ m2 0.065
rcg 0:0873 ¡ .b C a ¢ b/
x® rcg=b
½ , kg/m3 1.225
span, m 0.6
cl® 6:28
kh , N/m 2844.4
cl¯ 3:358
ch , Ns/m 27.43
cm® .0:5 C a/cl®
cm¯

¡0:635
k®.®/ see Eq. (47)

It now should be clear that Á1 and Á2 can be regulated by any lin-
ear control methodology. As stated in Ref. 6, however, a suf� cient
condition for the local asymptotic stability of the closed-loop sys-
tem is that the internal or zero dynamics space (obtained by setting
Á1 D Á2 D 0) is asymptotically stable. The equations that must be
studied in this case may be written as

PÁ3

PÁ4

D
A34Á4

[g4 QU .Á3/ ¡ g3 PU .Á3/]Á3 C A44Á4

(16)

To gain an appreciationfor the dif� culty in assessing the stabilityof
Eq. (16), we must recall that the coef� cients A34 , QU .Á3/, PU .Á3/,
and A44 depend parametrically on elastic axis location a and � ow
velocity U . By expanding these coef� cients as explicit functions of
the physical system parameters a and U , we can express Eq. (16)
as a nonlinear second-orderoscillator equation

Rw C B0.a; U / Pw C B1.a; U /w C B2.a; U /w2

C B3.a; U /w3 C ¢ ¢ ¢ D 0 (17)

where

w D Á3

B0.a; U / D ¡
½Ub3 cl® cl¯ a3 ¡ cl® cm¯

a ¡ 1
4
cl® cl¯ C 1

2
cl® cm¯

¡I®cl¯ ¡ 0:0873mbcm¯
C mb2cm¯

C mb2cm¯
a

B1.a; U / D
½U 2b2 cl® cl¯ a C 1

2
cl® cl¯ ¡ cl® cm¯

¡ cl¯ k®0

¡I®cl¯ ¡ 0:0873mbcm¯
C mb2cm¯

C mb2cm¯
a

B2.a; U / D
¡cl¯ k®1

¡I®cl¯ ¡ 0:0873mbcm¯
C mb2cm¯

C mb2cm¯
a

B3.a; U / D
¡cl¯ k®2

¡I®cl¯ ¡ 0:0873mbcm¯
C mb2cm¯

C mb2cm¯
a

:::

(18)

In the preceding equations, the number 0.0873 arises from substi-
tuting x® (see Table 2). Equation (17) suggests that the parametric
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Fig. 3 Cubic odd-order polynomial approximation of the nonlinear
spring.

dependenceof the equationsgoverningthe zero dynamics will yield
a rich bifurcation structure. For example, we observe that Eq. (17)
represents a family of ordinary differential equations that includes
well-known special cases such as Duf� ng’s equation

Rx C h Px ¡ .1 ¡ x2/.x=2/ D D cos ºt (19)

which has been used to motivate discussionsof aeroelastic� utter in
Ref. 12.

To simplifyour analysisof the second-orderoscillatorin Eq. (17),
we assume that the polynomial nonlinearity k®.®/ has the form

k®.®/ D k®0 C k®2 ®
2

or, equivalently, the nonlinear torsional stiffness has the form

®k®.®/ D k®0 C k®2 ®
2 ®

Although higher-order and quadratic terms have been studied by
several researchers,7;13¡15 Fig. 3 shows that this choice yields a
reasonable representation of the spring stiffness. By inspection of
Eq. (17), the preceding assumption implies that

B2.a; U / D B4.a; U / D B5.a; U / D 0

so that the equations governing the zero dynamics may be written
as

Pw
Rw

D
0 1

¡B1.a; U / ¡B0.a; U /

w

Pw

C
0

¡B3.a; U /w3 . fw/ (20)

or as

Rw C B0.a; U / Pw C B1.a; U /w C B3.a; U /w3 D 0 (21)

Finally, if we are free to vary B0, B1 , and B3 independently,the study
of the stabilitywould reduce to a form consideredby several authors
(see Ref. 16 or the classical examples in Ref. 17). The functions
B0.a; U /, B1.a; U /, and B3.a; U / are clearlydependentas depicted
in Eq. (18). For the derivations to follow, the contour plots of B0,
B1, and B3 are shown in Fig. 4. The parameter values that are used
for these calculations are tabulated in Table 2.

For thecubicoscillator[Eq. (20)], it is well known that,depending
on thecoef� cient functions B0 , B1, and B3 or theparametersa andU ,
there exist eitherone or three equilibriumpoints. When B1=B3 < 0,
there exist three � xed points, including the origin:

.w; Pw/ D

.0; 0/

C ¡.B1=B3/; 0

¡ ¡.B1=B3/; 0

Fig. 4 Contour plots of the functions, B0(a; U), B1(a; U), and B2(a; U).

Fig. 5 Regions with different stability characteristics.

To address the local stabilityof each equilibriumpoint, the Jacobian
matrices evaluated at each of the equilibriumpoints are obtained as

@fw

@w
D

0 1

¡B1 ¡ 3B3w2 ¡B0

(22)

@fw

@w
.0; 0/

D
0 1

¡B1 ¡B0
(23)

@ fw

@w §
p

¡.B1=B3 /; 0

D
0 1

2B1 ¡B0

(24)

Next,we will investigatethe stabilitycharacteristicsof thisoscillator
in the two parameter space—(a, U ).

A. One-Fixed-Point Case
For the wind-tunnel experiment at Texas A&M University, we

have utilized

cl¯ D 3:358; k®0 D 12:1382; k®2 D 269:4149

Furthermore, it is easy to check that the denominator of B3 is a
function of the elastic axis location a and is negative for all a 2
[¡1; 0].

Because B3 > 0 for the range of parameters under consideration
(see Fig. 4), when B1 > 0, there is only one equilibrium point [the
origin .0; 0/]. Thus, as shown in Fig. 4, the contour line B1 D 0
divides the parameter space into two separateregions:one with only
one equilibrium point and the other with three equilibrium points.

The stability of the single equilibrium point .0; 0/ [found be-
low the dashed line representing B1.a; U / D 0 in Fig. 5] may be
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analyzed by investigating the eigenvaluesof the Jacobian matrix in
Eq. (23). The characteristic equation for the Jacobian matrix is

¸2 C B0¸ C B1 D 0

Because we have B1 > 0, we conclude that, if B0 > 0, then both
eigenvaluesare stable. If B0 < 0, the eigenvaluesare unstable. The
parameter region where both B0 and B1 are positive is marked as I
and is shown in Fig. 5. In region II, the single equilibrium point is
unstable because B0 < 0 and B1 > 0.

B. Three-Fixed-Point Case
When B1 < 0, there exist two other equilibriumpoints in addition

to the origin. First, for the origin, the eigenvalues of the Jacobian
matrix [Eq. (23)] are

¸ D
¡B0 §

p
B0 ¡ 4B1

2

It is not dif� cult to observe that because B1 < 0 and jB1j À jB0j
from Fig. 4, the origin has negative and positive eigenvalues; i.e., it
is a saddle point.

For the two new � xed points, f§
p

[¡.B1=B3/]; 0g, the character-
istic equation of the Jacobian matrix in Eq. (24) is

¸2 C B0¸ ¡ 2B1 D 0

We immediately note that, if B0 > 0, the two � xed points are stable,
and if B0 < 0, the � xed points are unstable. In Fig. 5, the region IV
is where B0 < 0, and the two � xed points are unstable in that
region. The function satis� es B0 > 0 in the region III, and thus the
two new equilibrium points are stable. When the two new � xed
points are stable, the trajectory of the system is attracted to either
one of the two points,dependingon the initial conditions.The stable
and unstable manifolds for this case may be found in Ref. 6, and
analogous results for Duf� ng’s equation have been examined by
others (for example, see Ref. 18).

C. Center Manifold Analysis
It is well known in nonlinear dynamics that when the Jacobian

matrixofa � xedpointhasnonhyperbolicor zeroeigenvalues,careful
analysis is requiredto analyze the local stabilityof the � xed point. In
our current derivation, it is obvious that when B1 D 0, the Jacobian
will have a zero eigenvalue. A standard methodology to analyze a
system of this characteristic is to use center manifold analysis.19;20

Consider a path in parameter space along the contour connecting
P and Q in Fig. 6. Along this path we have

B1.a; U / ´ 0

Fig. 6 Paths on the segment B0 and B1 = 0: ——, B0 contours, and
¢ ¢ ¢ ¢ ¢ , B1 contours.

and Eq. (20) becomes

Pw
Rw

D
0 1

0 ¡B0.a; U /

w

Pw
C

0

¡B3.a; U /w3
(25)

The eigenvalues of the linear part are given by ¸1 D 0 and ¸2 D
¡B0.a; U /. By noting that the generalizedeigenvectorsof the linear
part of the preceding matrix are

[9] D
1

0

¡1

B0

we can transform the governing equations into the form

Ṕ1

Ṕ2
D

0 0

0 ¡B0

´1

´2

¡.B3=B0/.´1 ¡ ´2/
3

¡.B3=B0/.´1 ¡ ´2/
3

(26)

Note that we have introduced the change of variables

w

Pw
D

1 ¡1

0 B0

´1

´2

(27)

in Eq. (26). Thus, unless B0 D 0, we may apply the center manifold
theorem and may conclude that the center manifold is given by the
graph of a function (at least locally) that is tangent to the center
eigenspace.19;20 That is, we seek to � nd a manifold of the form

WC D f.´1; ´2/ : ´2 D h.´1/g (28)

But this fact implies that we can write

Ṕ1 D ¡.B3=B0/[´1 ¡ h.´1/]
3 (29)

from the � rst partition of Eq. (26). Likewise, the second partitionof
Eq. (26) yields

Ṕ2 D h 0.´1/ Ṕ1 D ¡B0h.´1/ ¡ .B3=B0/[´1 ¡ h.´1/]
3 (30)

If we make the power series expansion

h.´1/ c2´
2
1 C c3´3

1 C ´4
1 (31)

we � nd that

¡ 2c2´1 C 3c3´2
1 C ´3

1 .B3=B0/ ´1 ¡ c2´
2
1 ¡ c3´3

1 C ´4
1

3

D ¡B0 c2´2
1 C c3´

3
1 C ´4

1

¡ .B3=B0/ ´1 ¡ c2´
2
1 ¡ c3´3

1 C ´4
1

3
(32)

Equating like powers of ´1 implies that

c2 D 0; c3 D ¡ B3 B2
0

The graph of the center manifold is approximately given by

´2 D ¡ B3 B2
0 ´3

1 (33)

The equations of motion along the center manifold may be approx-
imated by substituting Eq. (33) into Eq. (29):

Ṕ1 D ¡.B3=B0/´
3
1 (34)

Because B0 > 0 and B1 > 0 along the path from P to Q, we conclude
that the local dynamics are stable.
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D. Hopf Bifurcation
Another interesting case occurs when B0 D 0. Consider the path

in parameter space along the contour from R to S in Fig. 6. Along
this path

B0.a; U / D 0

so that

Pw
Rw

D
0 1

¡B1 0

w

Pw
C

0

¡B3.a; U /w3
(35)

The eigenvalues for the linear part of Eq. (35) are ¸ D §
p

.¡B1/
and are purely imaginary because B1 > 0.

By introducing the change of variables

´1

´2
D

p
B1 0

0 1

w

Pw

we obtain the normal form of the governing equations

Ṕ1

Ṕ2
D

0
p

B1

¡
p

B1 0

´1

´2
C

0

¡ B3 B
3
2

1 ´3
1

(36)

Because the Jacobian matrix has nonhyperbolic eigenvalues, the
higher-order term ¡.B3=B3=2

1 /´3
1 will determine the stability of the

system.20 Because we have B3 > 0, and B1 > 0 on the path R¡S,
we conclude that the trajectories are bounded as ´1 grows.

IV. Adaptive Control with Two Control Surfaces
It hasbeenshown in Ref. 6 that for the case whenwe have two sep-

arate control surfaces,as shown in Fig. 2, full feedback linearization
may be achieved provided that

cl¯1
cm¯2

¡ cm¯1
cl¯2

6D 0 (37)

In other words, the invertibility of the control in� uence matrix [B]
guarantees that we may transform the nonlinear equation into an
equivalent linear system and obtain a globally stable closed-loop
system using any reasonable linear control design method. Based
on the results in Ref. 6, an adaptive control method may be derived
for the case when we do not exactly know the expansioncoef� cients
for the nonlinear stiffness in pitch.

For simplicity, we rewrite Eq. (6) symbolically as

[M]Rx C .[C0] C [CU ]/Px C .[K0] C [KU ]/x C [W .x/]q D U 2[B]¯

(38)

where

x D
h

®
; [K0] D

kh 0

0 0

[KU ] D
0 ½U 2bcl®

0 ¡½U 2b2cm®

; [C0] D
ch 0

0 c®

[CU ] D
½Ubcl® ½Ub2cl®

1
2

¡ a

½U b2cm®
¡½Ub3cm®

1
2

¡ a

q D [k®0 k®1 k®2 k®3 k®4 ]
T ; ¯ D

¯1

¯2

[W .x/] D
.0 0 0 0 0/

.® ®2 ®3 ®4 ®5/

The reader should note that the nonlinear stiffness terms associated
with the pitch angle ® have been isolated in the term [W .x/]q. Also,
the stiffness and damping terms are divided into constant terms and
terms dependent on the � ow velocity.

We assume that the coef� cients q of the polynomial nonlinearity
are unknown. We may derive an adaptive controller for this system

that is stable, where estimates Oq.t/ of q.t/ evolve simultaneously
with solution of the governing equations (38). Because we derive a
controllaw basedon the Lyapunovstabilitytheory,10;21 let us assume
the following form of the Lyapunov function:

V D 1
2

PxT [M ]Px C 1
2 xT f[Ka ] C [K0]gx C 1

2 eT [3]¡1e (39)

where [Ka ] and [3] are arbitrary positive de� nite matrices, and the
estimationerror has beende� ned as e D q ¡ Oq. Clearly, V is positive
de� nite. The derivativeof this Lyapunov function along the system
trajectory is obtained as

PV D PxT ¡.[C0] C [CU ]/Px ¡ .[K0] C [KU ]/x ¡ [W .x/]q

C U 2[B]¯ C PxT [Ka ] C [K0] x C PeT [3]¡1e (40)

The standard strategy for obtaining a stabilizingcontrollerbased on
the Lyapunov function is to choose a control input from the deriva-
tive of the Lyapunov function that makes the derivative negative
de� nite. From Eq. (40), a possible candidate for the control is

¯.t/ D .1=U 2/[B]¡1f[W .x/]OqC.[KU ]¡ [Ka ]/xC.[CU ]¡ [Ca ]/Pxg

(41)

with the positive de� nite matrix [Ca ] introduced to add damping to
the system.The precedingfeedbackcontrol law utilizes the estimate
Oq and is based on the assumption that the control in� uence matrix
is invertible; i.e., Eq. (37) is satis� ed. With this control input ¯, PV
becomes

PV D PxT f¡.[C0] C [Ca ]/Px ¡ [W .x/]eg C PeT [3]¡1e (42)

Because we obtain the derivativeof the estimation error as Pe D ¡POq,
let us assume that the estimate of the unknown parameters Oq evolve
according to the following equation:

POq.t/ D ¡[3]T [W .x/]T Px (43)

After Eq. (43) is substituted into Eq. (42), the derivative of the
Lyapunov function becomes

PV D ¡PxT f[C0] C [Ca ]gPx (44)

We conclude that PV is negative semide� nite because it does not
have any terms dependent on x and q. Although the semide� nite-
ness generally does not guarantee the asymptotic convergence of
trajectories to the equilibrium points, we may use the invariant set
theorem by La Salle and Lefschetz,21 to prove that the closed-loop
system is attracted to a small set.

Theorem 1. Suppose we choose the feedback control law

¯.t/ D 1
U 2

[B]¡1 [W .x/]Oq C
0 ½U 2bcl®

0 ¡½U 2b2cm®

x

C
½Ubcl® ½Ub2cl®

1
2

¡ a

½Ub2cm®
¡½Ub3cm®

1
2

¡ a
Px ¡ [Ca ]Px ¡ [Ka]x

and the identi� cation update law

POq.t/ D ¡[3]T [W .x/]T Px (45)

where [Ca], [Ka], and [3] are arbitrary symmetric positive de� nite
matrices. Then, the trajectories x.t/, Px.t/, and Oq.t/ are attracted to
the largest positive invariant subset of

f.x; Px; Oq/ : PV .x; Px; Oq/ D 0g (46)

where

V .x; Px; Oq/ ´ 1

2
PxT [M]Px C 1

2
xT [Ka] C

kh 0

0 0
x

C
1

2
.q ¡ Oq/T [3]¡1.q ¡ Oq/
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Proof. The precedingtheoremis a direct applicationof the invari-
ant manifold theorem.10;21

By using Theorem 1, we conclude that the system trajectories
convergeto the equilibriumpoint of the system.However,we do not
necessarilyhave the convergenceof the estimation of the unknown
parameters to the real values.

To validate this derived adaptive control methodology, numeri-
cal experiments are performed based on the experimental model of
TexasA&M University.14;15;22 The physicalparametersused in these
numerical simulations are tabulated in Table 2. The nonlinear stiff-
ness term k®.®/ is obtained by � tting the measured displacement-
moment data as a fourth-order polynomial14

k® .®/ D 2:82.1 ¡ 22:1® C 1315:5®2 ¡ 8580®3 C 17289:7®4/

(47)

For the initial conditions, h D 0:01 m and ® D 0:1 rad, � ow
velocity U D 20 m/s, and the uncontrolled response of the aero-
elastic system is shown in Fig. 7 for elastic axis location, a D
¡0:6. Clearly the response exhibits limit cycle oscillationsas noted
by several authors.6;7;13 With the controller derived in this section,
the closed-loop system response is shown in Fig. 8. The following
matrices are used in deriving the controller,

[Ka] D [I2]; [3] D [I5]; [Ca] D 0:03 £ [I2]

where [In ] implies a n£n identitymatrix.Observe that the response
converges to the origin very quickly despite the fact that the initial
conditions of the unknown stiffness coef� cients are chosen as

Oq.t D 0/ D [1 1 1 1 1]T

Fig. 7 Time response for open-loop system.

Fig. 8 Time response for closed-loop system.

Fig. 9 Control input history.

The corresponding history of control inputs are shown in Fig. 9.
For brevity, the response of the parameter estimation is not shown.
However, it should be emphasized that the precedingderived adap-
tive law does not require the convergenceof the parameters to exact
values. Careful inspection of the results in Figs. 8 and 9 illustrate
that although the stability guarantees in Theorem 1 are reassuring,
they still leave many issues unresolved. For example, in Fig. 9 we
see that the secondcontrolsurfacemust de� ect through0.6 rad in 1

4 s
to affect the control in this validation study. Obviously, saturation
would result in real scenarios. Thus, although the derived control
methods stabilizea class of polynomialnonlinearplants,other com-
mon sourcesof nonlinearity,includingsaturationand hysteresis,are
not addressed.These topics should be addressed in further research.

V. Conclusion
The authors have shown that a class of nonlinear feedback con-

trol methods derived from partial feedback linearizationtechniques
are locally asymptotically stable for some � ow regimes and elastic
axis locations.However, a wide variety of bifurcationstructures, in-
cludingAndropov–Hopf bifurcations,are evident in the closed-loop
system dynamics for some choices of � ow speed and elastic axis
locations. For systems having two control surfaces, it is also shown
that stable adaptive control methods may be derived. The stability
analysis in this case relies on a semide� nitive Lyapunov function.
The class of adaptive methods is attractive in that they do not re-
quire explicit knowledge of the structure of the inherent pitch-axis
nonlinearity.
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